We present a method for generating higher-order Bessel beams with z-dependent cone angles. Such fields, if engineered correctly, are shape invariant during propagation and thus do not suffer from a transition from a Bessel-shaped intensity profile in the near field to an annular ring in the far field. We demonstrate the production of such fields in the laboratory with an optical system comprising a combination of two axicons and a lens, allowing for control of the cone angle of the resulting field. While the resulting shape invariant fields are not perfectly non-diffracting, they do maintain many of the same properties as Bessel beams, including self-reconstruction.
Introduction
Bessel beams (BBs) have been extensively studied due to their non-diffracting and self-reconstructive properties and are one of many solutions to the Helmholtz equation. Durnin et al [1] outlined a method of producing zero-order Bessel beams by illuminating a circular slit followed by a Fourier transforming lens, and has since been followed by methods both internal [2, 3] and external to the laser cavity [4, 5] . One of the most efficient methods to create a zero-order Bessel beam external to the laser cavity is to pass a Gaussian beam through a conical lens, or axicon, with the interfering conical waves producing the desired field within a well defined region (dependent on the cone angle of the axicon). Anywhere within this region, the Bessel beam is both non-diffracting and self-reconstructing [6] . Replacing the input Gaussian beam with any higher-order Laguerre-Gaussian (LG 0l ), beam leads to the generation of higher-order Bessel beams [7] with the aforementioned properties. At the boundary of this non-diffracting region, the Bessel beam undergoes an abrupt transformation from a Bessel-shaped intensity profile (near field) to an annular-ring-shaped intensity profile (far field) of the conical field. This abrupt change in intensity profile can be considered a major disadvantage to such beams; for example, in the limited distance over which a particle may be optically trapped [8] . It has been shown that this limited region of validity of the Bessel beam can be overcome by generating Bessel beams with z-dependent cone angles. These beams, so-called Bessel-like beams (BLBs), have the advantage of retaining their spatial intensity distribution as they propagate from the near field to the far field: they are shape invariant with propagation distance. Many techniques have been considered for the generation of BLBs, including the introduction of spherical aberrations into the optical system [9, 10] where the idea is to form a cone-like propagation in order to obtain a uniform on-axis profile. Alternatively, these beams may be generated using a defocused Galilean-type telescope in order to introduce negative spherical aberrations into the optical system [11, 12] . It was recently shown that it is possible to create such BLBs using an aberration-free method [13] . However, the properties of such beams have not been fully explored, nor have the techniques been shown to extend to the generation of higher-order Bessel beams. In this paper, we outline an optical system consisting of a double axicon and a lens that may be used to generate BLBs of any order, and show that the generated beams remain shape invariant during propagation. We also show that such BLBs remain self-reconstructing, but exhibit slow diffraction during propagation. The changing scale of the field suggests that the on-axis intensity gradient of such BLBs may be controlled, which is of relevance to optical trapping and tweezing, while the encoded vortex remains unaltered through the optical system, thus maintaining the orbital angular momentum properties of the field. The paper is structured to begin with a review of the standard techniques to generation Bessel beams of various orders (section 2), which provides a point of comparison to the new techniques discussed in section 3. The results are compared and the conclusion reached in section 5.
Generation of Bessel beams (BBs)
For the benefit of the reader we begin by outlining the basic theory of Bessel beams and the standard approach to creating them in the laboratory. Mathematically, Bessel beam exist over an infinite area and carry an infinite amount of power. Although this holds true in theory, this ideal case is not reproducible in the laboratory. In principle, we are able to generate a Bessel-Gauss beam where the field is represented as [14] E(r, z) = A w o w(z)
where A is the amplitude factor, J 0 is the zero-order Bessel function, w 0 is the beam waist, k is the wave vector given by 2π/λ, k r is the wave vector in the radial direction defined by k sin θ , z is the direction of propagation while z R , w(z), R(z) and ζ (z) are the Rayleigh range, beam width, radius of curvature and Gouy phase shift respectively, all of which are expressed as From the definition of equation (1), the field at z = 0 may be expressed as
which is the appearance of the field in its simplified form. Such a field may be produced by illuminating an axicon by a Gaussian beam, as shown in figure 1. Furthermore, it is possible to produce various higher-order Bessel beams by merely replacing the starting field by a Laguerre-Gaussian field [7] . The field of a higher-order Bessel beam is represented by
where the order of the topological charge, , determines the order of the Bessel beam, ϕ is the azimuthal phase while the rest of the parameters hold the same definition as expressed previously.
Prior to elaborating on the generation of BLBs, it is instructive to briefly review the generation of conventional BBs of any order. A slight adaption in the setup in figure 1, allows this: it is well known that illuminating an axicon with a Laguerre-Gaussian beam of zero radial order and azimuthal order l, results in a BB of order l, described by a J l function [7] . We first reproduce the results of Arlt et al [7] by using a green laser source (frequency doubled Nd: YAG laser, MG-532C-2000), suitably collimated, and passed through an axicon of cone angle γ = 5 • . The results are as expected, the l = 0 Laguerre-Gaussian beam (Gaussian) is transformed into a BB of order l = 0(J 0 ) with a Bessel profile in the region defined by z max and an annular ring outside this region.
Comparison of theory and experiment is shown in figure 2 .
By replacing the input Gaussian beam with a Laguerre-Gaussian beam of azimuthal order l(LG l ), it is possible to produce higher-order Bessel beams (J l ) [7] . Laguerre-Gaussian beams belong to a family of beams that carry orbital angular momentum [15] . The orbital angular momentum carried by a Laguerre-Gaussian beam is dependent upon the order of the topological charge it carries and since it is the azimuthal phase term that leads to the amount of orbital angular momentum carried by the beam, the higher the topological charge, the greater the amount of Optical system used to generate various orders Laguerre-Gaussian beams consisting of a spatial light modulator used to manipulate the phase of the incoming beam accordingly. Followed by a single lens of focal length 100 mm that relayed the plane at which the beam was imaged which was captured by a Scorpion IEEE 1394 CCD camera (model SCOR-20S0). A 10× objective lens was used to magnify the beam onto the camera. orbital angular momentum carried by the beam. There are many ways to generate a LG l beam; we opt here to create the azimuthal phase variation using a grey scale digital hologram programmed onto a phase-only spatial light modulator (SLM), as illustrated in figure 3 . In the figure the input Gaussian beam (a) was directed onto a SLM (Holoeye Pluto, 1080 × 1920 pixels) programmed with an appropriate grey scale phase pattern (b) in order to increase the azimuthal index of the field from 0 to l.
This procedure was carried out for various orders of l by appropriate choice of hologram. The experimental results obtained are represented in figure 4 , showing that the vortex of the input beam could adequately be controlled.
Since a simple Gaussian beam is used to illuminate the grey scale phase pattern the beam produced is not a pure Laguerre-Gaussian beam but rather they are correctly classified as hypergeometric Gaussian beams [16] . However, such vortex beams are good approximation to pure LG beams, particularly in the far field. In order to produce high-order BBs, the generated LG l beams were propagated through the optical scheme illustrated in figure 1 . As with the zero-order Bessel beams, higher-order Bessel beams exist for a finite propagation distance and have an annular ring as the far-field intensity profile. The results are shown in figure 5 and are consistent with those reported previously by others [7] .
A J l beam carrying a topological charge of one, as seen in figure 5(c), has a central zero intensity associated with the vortex of the beam. As the order of the vortex increases so does the region of the central null intensity, and likewise for negative topological charges. In all cases the far-field intensity profiles were an annular ring.
Having reviewed the known generation of zero-and higher-order Bessel beams, which exist for a finite propagation distance only, we now turn our attention to the subject of this paper: the generation of shape invariant Bessel beams over all distances. 
Generation of Bessel-like beams (BLBs)
Thus far, a single axicon was used to generate Bessel beams of any order, with the Bessel beam existing over a finite propagation distance. The scheme illustrated in figure 6 consists of two axicons and a single lens which will be used to overcome this abrupt change in intensity profile from the near field to the far field. When a Gaussian beam is passed through a lens of focal length f and the first axicon, an annular ring is produced at a distance f after the lens (the Fourier transform of the Bessel field produced by the first axicon alone). This annular ring is thereafter illuminated onto the second axicon. It has been shown that this system results in a Bessel beam with a cone angle that changes with propagation distance, tending to zero in the limit of very large z [13] . A consequence of this is that the radial profile of the field remains Bessel-like in shape during propagation from the near field to the far field. The adapted optical scheme that can be constructed to produce Bessel-like beams of various orders is illustrated in figure 6 .
Traversing through the optical system, the light rays will pass through the first axicon (Ax 1 ) producing a Bessel field which is Fourier transformed by a lens of focal length f . From the optical scheme we notice that a conical field (annular ring) is directed through the second axicon (Ax 2 ) which produces a Bessel-like beam with z-dependent cone angles. Here we define an angle β related to the conical field defined as the oblique angle of the light rays of the conical field [17] . This angle β, decreases with an increase in propagation distance while γ is the cone angle related to the first axicon. After the refraction by axicon 2 (Ax 2 ), the light rays will cross the optical axis under the angle, γ 1 = γ − β. In the paraxial approximation we obtain, γ 1 ≈ γ z 0 /f . It can be seen from here, that γ 1 = 0 if z 0 = 0 where z 0 is the distance from the first axicon to the Fourier lens. In this case the z-dependent Bessel beam after the axicon 2 does not exist. For generation of z-dependent Bessel beam in the scheme with two identical axicons the fulfilment of inequality z 0 > 0 is necessary. If the distance z 0 is large enough such that z 0 > f then β < 0 and the light rays will cross the optical axis even at the absence of the second axicon. It can be seen from figure 6 that z-dependent Bessel beam will exist at all distances z > z min . This distance must be nonzero, i.e. z min > 0.
The calculation of diffraction integral describing the scheme presented in here by the method of stationary phase shows that the field amplitude in any transverse plane behind the second axicon can be described by . Optical scheme used to generate Bessel-like beams with z-dependent cone angles using a double axicon and lens system where both axicons are identical [13] .
where γ (z) is z-dependent cone angle, and is determined from the geometric optical rays after the second axicon, but is always inversely proportional to z. Equation (8) is described with the accuracy up to an amplitude multiplier, which depends weakly on transverse and longitudinal coordinate. Since here we study the transverse structure of the field, the influence of the amplitude multiplier omitted in equation (8) is not essential. Experimental observation of the generation of a zeroorder Bessel-like beam is illustrated in figure 7 . When the system was illuminated by a Gaussian beam ( figure 7(a) ) a zero-order Bessel-like beam was produced in the near field ( figure 7(b) ), while after propagating a distance far greater than z max (124.25 mm) the field remains shape invariant ( figure 7(c) ). Such a field has several useful properties, including the capability to have a higher concentration of energy in the core of the beam as opposed to the conventional non-diffracting beams [11, 12] .
We now combine the results of section 2, with the concept in this section, to produce shape invariant high-order BLBs for the first time. In order to incorporate the scheme in figure 6 into an experimental setup, a frequency doubled Nd:YAG laser (λ = 532 nm) was directed onto a phase-only SLM (HoloEye PLUTO VIS SLM with 1920 × 1080 pixels and calibrated for a 2π phase shift at λ = 532 nm). The SLM was used to vary the beam illuminating the axicon. By means of changing the phase pattern depicted on the screen of the SLM, the phase of the initial beam was modulated accordingly. Thereafter, the respective beam was illuminated onto the first axicon, followed by a Fourier lens of focal length 40 mm placed 50 mm away from the first axicon which produced an annular ring that was directed through the second axicon. Both axicons were placed a distance 110 mm apart. The images were captured on a Scorpion IEEE 1394 CCD camera (model SCOR-20S0). The following setup as constructed in the laboratory is shown in figure 8 .
To demonstrate the existence of BLBs, we consider a step by step propagation through the above mentioned optical system. When a Gaussian beam, as seen in figure 9(a) was directed onto the SLM containing a grey scale phase pattern that modulated the phase of the incoming beam from 0 to 2π once in the azimuthal direction, the result was a first-order Laguerre-Gaussian as represented in figure 9(b) . It is apparent that the Laguerre-Gaussian beam had central zero intensity since it contained a central dark hole. This beam was then directed through the first axicon resulting in a generation of a Bessel beam (l = 1). Thereafter, using a lens with a focal length of 40 mm, the Bessel beam was Fourier transformed to form an annular ring. This annular ring was then passed through the second axicon such that a Bessel-like beam was produced (near-field intensity profile) with a central zero intensity surrounded by concentric rings as represented in figure 9 (c). By Fourier transforming this BLB, we observed that in the far field the beam retained its shape, as observed in figure 9(d) .
This procedure was carried out for various order Bessel-like beams by passing a Laguerre-Gaussian beam (Gaussian) through the double axicon and lens system. A summary of the obtained results are represented in figure 10 .
The self-reconstruction properties of Bessel beams have been extensively studied over the years [6, 18] . It is now understood that if an obstruction is placed within the validity region of a Bessel beam, it will self-reconstruct after some distance defined as the shadow region measured by D/2 tan((n − 1)γ ) where D is the diameter of the obstruction, n is the refractive index of the axicon and γ is the cone angle of the axicon [19] . Furthermore, we note that if the obstruction is placed off the optical axis, then the conventional non-diffracting Bessel beam will only partially self-reconstruct. Here we show that BLBs also exhibit this characteristic. To illustrate that these beams also possess the ability to self-reconstruct upon encountering an obstruction, a ball bearing of diameter 1.2±0.001 mm was placed in the path of a first-order BLB as shown in figure 11 . The Bessel-like beam, before reconstruction, is represented in figure 11(a) . Upon placing the ball bearing 200 mm away from the second is the intensity profile in the far field. Similarly higher-order BLB was generated where (c) is the intensity profile of first-order BLB while (d) is the respective field in the far field. This also holds true for a third-and fourth-order BLB where ((e) and (g)) is the intensity profile in the near field while ((f) and (h)) is the far-field representation respectively. Note the near field is defined as z = 0, a plane close to after the second axicon while the far field is the Fourier plane after a lens. Images showing a zero-order Bessel-like beam retaining its spatial distribution as it propagates from the near field (at z = 0, a plane close to after the second axicon) to the far field (1000 mm).
axicon we observed that the central region of the beam was overshadowed by the obstacle as observed in figure 11(b) however the outer rings of the beam are still visible. Taking into account the diameter of the obstruction, the shadow region was calculated to be 78.8 mm after the obstruction using the conventional reconstruction equations. By placing the camera on a rail we were able to image the beam at various positions after the obstruction to determine the distance at Figure 13 . Images showing that a higher-order Bessel-like beam carrying a topological charge of one retains its spatial distribution as it propagates from the near field (at z = 0, a plane close to after the second axicon) to the far field (1000 mm).
which self-reconstruction occurs. Approximately 250 mm from the obstruction we noticed that the beam began to reconstruct and at a distance 525 mm from the obstruction we noticed a complete reconstruction of the beam, as illustrated in figure 11(c) . Since the BLBs are not confined to distances z < z max , the axial position at which the obstruction has to be placed is not a limiting factor. More particularly since BLBs retain their spatial distribution as they propagate, there is a continuous interference of light rays throughout the optical axis. Due to this, an obstruction placed outside the z max region or even off the optical axis will still result in a successful reconstruction of the beam. In our case, the obstruction was placed approximately 175.75 mm outside the z max region and noticeably we obtained a well reconstructed BLB.
Finally, we remark on the free-space propagation of such fields. While we have shown them to be shape invariant, BLBs are no longer perfectly non-diffracting. Figures 12 and  13 represent intensity profiles of a zero-and a higher-order Bessel-like beam (with a topological charge of one) over a distance of a 1000 mm where the starting reference point was positioned 300 mm away from the second axicon. Furthermore, we measured the central region of the zero-order BLB in figure 12 (frame (a) ) to be approximately 50 µm which when compared to frame (t), where the central region was measured to be 130 µm, concludes that these BLBs diffract slightly as they propagate. This confirms a change in the size of the beam which is noticeable when comparing each of the frames in both figures. It has been shown that an accurate measurement of the size of the central spot can be achieved by scanning the position of the charged coupled device pixel [20] .
To further emphasis the difference in on-axis intensity of the aforementioned fields as they propagate, the field at frames (a) and (t) were plotted for both the zero-and first-order BLB as illustrated in figure 14 . As observed there is a distinct difference in the size of the field. 
Discussion
In view of comparing these beams with Bessel beams one can expect that the generated BLBs hold the same properties as Bessel beams. We have shown previously for zero-order BLBs that the separation between the axicons and the lens can be adjusted to increase the on-axis intensity of the BLB by approximately 2.5 times greater than that of a Gaussian beam [13] . Moreover, it is apparent from figure 6 that the scheme to generate BLBs is dependent upon the distance between the two axicons, z 1 and the focal length of the lens f . If f is set to be greater than the distance z 1 then there will be a transition from the generation of a BLB to a conventional annular ring. Furthermore, a decrease in the focal length leads to an increase in the region of high intensity of the BLB [13] . These finding also hold true for high-order BLBs as the geometrical properties are identical. To validate that the BLBs generated compares well with Bessel beams we consider the intensity profiles of both fields as illustrated in figure 15 .
As observed there is an acceptable fit between the BLB and the corresponding BB. Also of interest is the propagation of a BLB as compared to a BB. Since a BB exists for a finite distance the intensity of central lobe of such a beam peaks after which it decays to zero, this is however not the case for a BLB. This is further observed in figure 16 where the propagation of a first-order BB and BLB is considered Figure 16 . Normalized intensity of the first ring of a l = 1 BB and BLB during propagation. The transformation of a BB to an annular ring results in a shape fall in ring intensity while the BLB first increases and then at much greater distances, decreases in intensity as it spreads [13] .
by monitoring the peak intensity of each beam as a function of propagation distance. It is clear that the BLB increases in peak intensity over the propagation range while the BB transformation into an annular ring results in a sharp decrease in peak intensity. At much greater distances the BLB also decreases in peak intensity due to the spreading of the field, as reported for zero-order BLBs [13] .
This method of generating BLBs is very efficient, with only Fresnel losses expected at the interface of the refractive elements. Presently we use an SLM to create the vortex modes, which reduces to the overall optical efficiency to approximately 60%. Note however that with custom coated optics in an all refractive setup could return the efficiency to ∼100%. While we have considered here the generation of Bessel-Gauss and Bessel-like beams based on refractive axicon arrangements, we note that it is possible to fabricate a reflective axicon known as a conical mirror to serve the equivalent purpose. It has been shown lately that using a conical mirror results in a high conversion of the initial field to the desired output field. Generating a Bessel beam using a conical mirror leads to dispersionless beam with a high energy conversion [21] [22] [23] . A conical mirror may also be used to generate a hollow conical beam whereby it has been reported that the efficiency of such a transformation is approximately 85% [24] . Furthermore, of interest is the fabrication of a metal axicon mirror. Constructing a system consisting of two metal axicon mirrors also result in a high conversion efficiency of the initial Gaussian beam into a hollow conical field [25] . Recently it was also reported, that building a system compromising of two metal axicon mirrors and a convex lens, results in the generation of a Bessel beam of varying spot size [26] . This was achieved by varying the separation distance of the two metal axicon mirrors while retaining the non-diffracting properties of the field for a finite propagation distance. Agreeably, this would be an advantage to the generation of these fields since there is no need to replace any component within the system as would be the case for a refractive axicon due to the parameters of the axicon being fixed. On the other hand, constructing the proposed double axicon and lens system, we showed that there exists a slight variation in the central spot size at it propagates due to the loss of its non-diffracting properties. Furthermore, a BLB retain its spatial distribution as it propagates, hence there is no limitation on the region at which these fields exist. In future it may be possible to design new configurations that improves the generation efficiency and versatility of BLBs. It may also be interesting to realize BLB equivalents of sub-wavelength Bessel beams, which have recently been realized through the use of a sub-wavelength aperture by adding a metallic circular grating structure in front of the aperture [27] .
Conclusion
We have verified previously reported results on the generation of Bessel beams of zero-and higher-orders, and exploited these techniques for the demonstration of shape invariant higher-order Bessel-like beams. These beams were shown to have similar near-and far-field intensity profiles, albeit with a scale factor difference, indicating a reduction in the non-diffracting nature of such fields as compared to ideal Bessel beams. Although they are not perfectly non-diffracting, such fields have an on-axis intensity gradient in the direction of propagation which can be useful in certain applications, for example, in optical trapping for accelerating trapped particles along the Bessel column. We have shown that these Bessel-like beams retain the property of being self-reconstructive even over long distances, which may prove a useful tool in trapping of multiple particles.
